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Abstract

An effective identification method is developed for the determination of modal parameters of a structure based on the measured ambi-
ent response data. In this study, modification to Eigensystem Realization Algorithm with Data Correlation is proposed for modal-
parameter identification of structural systems subjected to stationary white-noise ambient vibration. By setting up a correlation -function
matrix of stationary responses, as well as by introducing an appropriate matrix factorization, modal parameters of a system can be identi-
fied effectively through singular -value decomposition and eigenvalue analysis. Numerical simulations using practical excitation data
confirm the validity and robustness of the proposed method in identifying modal parameters from stationary ambient vibration data under

noisy conditions.
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1. Introduction

In general, identification of system characteristics is ac-
complished using both input and output data from a structural
system. However, in many cases, only measured output data
can be used for structures under ambient vibration conditions.
Hence it is beneficial to develop applicable methods for modal
-parameter identification directly from ambient vibration data
(i.e., without the need for input measurement).

Numerous papers have been presented on system identifica-
tion, acquiring the estimation of important parameters from
measured data. Ho and Kalman [1] introduced an important
principle in minimal realization theory in which a state-space
model using the Hankel matrix is constructed by a sequence of
Markov parameters (impulse response functions) from the
system. However, error characteristics due to noise are re-
quired for estimation. Zeiger and McEwen [2] proposed a
concept combining singular-value decomposition (SVD) and
minimal realization algorithm. Based on the developments of
SVD and minimal realization algorithm, the well-known Ei-
gensystem Realization Algorithm (ERA), proposed by Juang
and Pappa [3], was developed to realize the unknown system,
given the noisy input-output measurements. The algorithm
also provided accurate parameter estimation and system order
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determination for multivariable linear state-space models.
Juang et al. also proposed a modification of ERA, generally
known as Eigensystem Realization Algorithm with Data Cor-
relation (ERA/DC) [4], using data correlations to reduce the
noise effect in modal -parameter identification. James et al. [5]
also developed the so-called Natural Excitation Technique
(NEXT) that uses correlation functions of measured response
combined with a time-domain parameter extraction scheme
under the assumption of white-noise input. Chiang and Cheng
[6] presented a correlation technique for modal-parameter
identification of a linear, complex -mode system subjected to
stationary ambient excitation. Chiang and Lin [7] further ex-
tended the correlation technique for modal-parameter identifi-
cation of a system excited by non-stationary white noise in the
form of a product model.

This paper presents a modification to the Eigensystem Re-
alization Algorithm with Data Correlation (MERA/DC) for
linear systems excited by stationary white -noise ambient vi-
bration. By setting up a correlation -function matrix of the
stationary ambient responses and introducing an appropriate
matrix factorization, modal parameters of a system can be
identified using the SVD and eigenvalue analysis. Numerical
simulations of using practical excitation data confirm the va-
lidity and robustness of the proposed method in the identifica-
tion of modal parameters from stationary ambient vibration
data under noisy conditions.
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2. Correlation technique

James et al. [5] developed the so-called NEXT using the cor-
relation technique. When a system is excited by stationary
white noise, the cross-correlation function R (7) between
two stationary response signals x,(7) and x () can be
shown as [6]

RO =32 cxp(—¢ wnsina, 7+6) (1)
ij r dr r/ -

r=1 1T S

where ¢, is the i-th component of the 7-th mode shape, 4, is
a constant, and m, is the r-th modal mass. The above result
shows that R (7) in Eq. (1) is a sum of complex exponential
functions (modal responses), which is of the same mathemati-
cal form as the free vibration decay or the impulse response of
the original system. Thus, the cross-correlation functions
evaluated from response data can be used as free vibration
decay or as impulse response in time-domain modal extraction
schemes to avoid measurement of white -noise inputs. It is
remarkable that the term ¢, 4, in Eq. (1) is identified as
mode -shape components. In order to eliminate the 4, term
and retain the true mode -shape components ¢, , all the meas-
ured channels are correlated against a common reference
channel, say x,. Then, identified components all possess the
common A, component, which can be normalized to obtain
the desired mode shape ¢, .

3. Modified eigensystem realization algorithm with
data correlation (MERA/DC)

Juang et al. [4] proposed a modification of ERA called
ERA/DC, which uses data correlations to reduce the noise
effect for modal-parameter identification. As shown in the
previous section, the correlation functions between two station-
ary response signals of a structure subjected to white-noise in-
puts can be treated as free vibration decay or as impulse re-
sponse for further extraction of modal parameters. Thus, the
correlation functions can be used to extract modal parameters of
a system in the case of stationary ambient vibration. A modifi-
cation to the Eigensystem Realization Algorithm with Data
Correlation is presented for linear systems excited by stationary
white-noise ambient vibrations. By setting up a correlation -
function matrix of the stationary responses and introducing a
proper matrix factorization, modal parameters of a system can
be identified through SVD and eigenvalue analysis.

For finite but sufficiently long records, say of / time steps,
the correlation- function matrix 7, is defined and is com-
posed of measured responses from every channel with differ-
ent time-delayed signals. 7. can be approximately expressed
as

Pxp

T.=7(r)=[¥..7/] @

where ¥, ={y,.i=1~ p,j=k—1~k} signifies the measured
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responses of a system subjected to the excitation of a zero-
mean stationary white noise u, ={u,,i=1~k} at the time -
step k, and p is the channel number of the measured re-
sponse. The correlation-function matrix 7, of the measured
system response can be obtained from a single sample func-
tion of time by using the ergodic property of stationary ran-
dom processes. T, can be viewed as impulse functions (also
known as the Markov parameters) in the conventional
ERA/DC process and can be expressed as [8]

T ~CA™G, 3)

where C is the pxn output influence matrix for the state
vector, A isthe nxn state matrix with dynamic character-

istics of the system, and G s%[XM Y[’]W is the so-called

covariance matrix, where X, is the nx/ state-vectors
matrix of the system. It follows from almost the same proce-
dure as used in ERA/DC [4] to define the data-correlation
matrix ﬁ(k) , which is formed using the correlation-function
matrix 7,. A generalized Hankel matrix U (k) using the
data-correlation matrix R(k) is to reduce the effect of noise,
and to increase accuracy of the parameters estimation. Based
on the system realization theory, ERA/DC constructs a dis-
crete state-space model of minimal order using SVD analysis.
To determine the system order, which is defined as the num-
ber of structural modes involved in the responses, SVD of the
generalized Hankel matrix U (k) is performed. The rank of
the generalized Hankel matrix U(k) is the system order,
which is just the number of the obvious non-zero n singular
values. Therefore, the state matrix 4 can be obtained by
retaining the first n sub-vectors as follows:

A=5. V. T)W.5.", @)

where V, and W, are the matrices with orthonormal prop-
erty, i.e., V”TV” =1, =Wnr W, , and S, is a diagonal
matrix containing the n largest singular values. The matri-
ces of eigenvalues and eigenvectors of the n—order state
matrix A are denoted as Z=diag(z, z,, -, z,) and
Y=y, v,, -, ¥,], respectively. The eigenvalues contain
the information of modal frequencies and damping ratios.
Thus, when the state matrix 4 is obtained from measured
data, the modal parameters of the structure system of interest
can be determined by solving the eigenvalue problem associ-
ated with the state matrix A4 . Then, the state matrix A4 can
be expressed as

A=¥z¥". )

Substituting Eq. (5) into Eq. (3), the following equation can be
derived:
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T.=C,Z"'G,, (©)

where C,=C¥ and G,=%"'G. Note that C, contains
the mode shapes of the system.

MERA/DC is presented for modal-parameter identification
from stationary ambient vibration data. By setting up a corre-
lation-function matrix of ambient responses of structure sub-
jected to stationary white noise and introducing an appropriate
matrix factorization, modal parameters of a system can be
identified through SVD and eigenvalue analysis.

4. Numerical simulation and discussion

To demonstrate the feasibility and effectiveness of the pro-
posed method, a linear 6-dof chain model with viscous damp-
ing was considered. A schematic representation of this model
is shown in Fig. 1. The mass matrix M , stiffness matrix K ,
and the damping matrix D of the system are given as fol-
lows:

(2 0 0 0 0 0]
02 0000
002000 5
M= N-s*/m,
00 02 00
00 0 0 30
100 0 0 0 4]
1 -1 0 0 0 O
-1 2 -1 0 0
o -1 2 -1 0 0
K =600- N/m,
o 0 -1 2 -1 0
o 0 o0 -1 3 =2
o 0 o0 o0 -2 5
1 ... 1
D=0.05M +0.001K +0.2| : ° N -s/m.
1 ...1

6X6

Since the damping matrix D cannot be expressed as a linear
combination of M and K , the system has non-proportional
damping (complex modes in general). Consider that the ambi-
ent vibration input is a practical vibration recorded at Fong-
Yung Elementary School in Taidong on September 21, 1999,
when the Chi-Chi Earthquake with a moment magnitude of
7.6 occurred in central Taiwan. The sampling interval and
period of this seismic record were Ar=0.004s and
T =427.996 s, respectively. A sample of the seismic record,
which serves as the excitation input acting on the sixth mass
point of the model, is shown in Fig. 2. The displacement re-
sponses of the system were obtained using Newmark’s
method. Then, modal-parameter identification was performed
using the simulation responses.

For data with sufficiently long duration, the correlation -
function matrix 7, of the system responses can be estimated
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Fig. 1. Schematic plot of the 6-dof chain system.
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Fig. 2. A recorded sample of the Chi-Chi Earthquake.

from a single sample function of time (ergodicity assumption).
When the correlation-function matrix 7, was evaluated using
Eq. (2), the data-correlation matrix R(k) and a generalized
Hankel matrix E(k) can be constructed further. Thus, the
state matrix A4 can be estimated through SVD analysis and
modal parameters of a system can be identified by solving the
eigenvalue problem associated with the state matrix A .

In theory, a continuum structure has an infinite number of
degrees of freedom and an infinite number of modes. In prac-
tice, the number of modes required to describe the dynamical
behavior of the observed structural system is not known.
However, the number of important modes of the system under
consideration can be roughly determined by using SVD analy-
sis. The number of non-zero singular values is the rank of the
generalized Hankel matrix U (k) ; it also corresponds to the
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Fig. 3. Singular values associated with the responses corresponding to
a recorded sample of the Chi-Chi Earthquake. The distribution of the
singular values shows an obvious drop around the singular value num-
ber 12, which determines system order and the number of modes to be
identified.

order of the system. By examining the distribution of the sin-
gular values associated with the system responses, system
order and the number of modes to be identified can be deter-
mined. The result is shown in Fig. 3, in which the order of the
system model was determined to be 12.

The modal frequencies and damping ratios can be obtained
by eigen-analysis of the state matrix A , and the mode shapes
can be obtained from C, as given in Eq. (6). The results of
modal-parameter identification are summarized in Table 1,
which shows that in general, the errors in natural frequencies
are less than 2 % and the error in damping ratios are less than
15%. The “exact” modal damping ratios listed in Table 1, as
well as the exact mode shapes, are actually the equivalent
values obtained by using ERA/DC from the simulated free-
vibration data of the nonproportionally damped structure.

Furthermore, the modal assurance criterion (MAC) [9],
which has been extensively to confirm the vibrating modes of
a structural system in experimental modal analysis, was used
to check for agreement between the identified mode shapes
and exact shapes. The definition of MAC is

2

8. ¢

MAC@,. 8 ) =—5
Gl =G40 0

O

where ¢, and ¢, denote the i-th theoretical and the j -th
identified mode shape, respectively. The superscript * denotes
the complex conjugate. The value of MAC varies between 0
and 1. When the MAC value is equal to 1, the two vectors ¢,
and @, represent exactly the same mode shape. However,
when the two mode shapes are orthogonal with each other, the
MAC value is zero. Thus, verification of the vibrating modes
of a structural system can be performed by computing the
MAC values.

The identified mode shapes are also compared with the exact
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Table 1. Results of modal-parameter identification of the 6-DOF sys-
tem subjected to a recorded sample of the Chi-Chi Earthquake.

Natural Frequency (rad/s) Damping Ratio (%)
Mode Exact MEIEA/ Error(%)| Exact MEIEA/ Error(%)| MAC
1 5.03 | 5.04 0.26 524 | 4.65 11.23 | 0.99
2 1345 | 1341 | 026 1.07 1.22 1435 | 0.98
3 19.80 | 19.71 | 044 1.13 1.14 0.99 0.97
4 26.69 | 26.50 | 0.70 1.43 1.50 4.84 0.98
5 31.66 | 31.40 | 0.82 1.66 | 1.77 6.90 0.98
6 33.73 | 3338 | 1.03 1.74 | 1.89 8.38 0.98

mode shapes in Fig. 4. If the system has non-proportional
damping, then in general, it has complex modes. However, in
this case, the imaginary parts of the mode shapes (both identi-
fied and exact) are quite small relative to the real parts, so in
Fig. 4 the mode shapes present only the real parts form of the
modal-shape vectors. The errors of identified damping ratios
and mode shapes are somewhat higher because in general,
system response has a lower sensitivity to these modal pa-
rameters than to the modal frequencies. Moreover, in the pre-
sent method, the correlation-function matrix 7. is computed
directly, in which each row is treated as the impulse response
corresponding to each DOF. Thus, by taking advantage of the
computation of 7, conversion of the original forced-vibration
data into free-vibration data and the selection of reference
channel for computing correlation [7] are avoided.

To examine further the effectiveness of the present method
to a more complex structural system, modal-parameter identi-
fication analysis was conducted using a 20-DOF chain model
with non-proportional damping subjected to the same practical
vibration as in the previous example. Each mass is assumed as
1 kg while all spring constants are 600 N/m . The damping
matrix of the system is also assumed to be

1 ... 1
D =0.05M +0.001K +0.02| :
1

N-s/m.

20x20

The considered system has many groups of closely spaced
modes, as listed in Table 2. The results of identification are
also summarized in Table 2, which shows that the errors in
natural frequencies are less than 5 % and the errors in damp-
ing are somewhat larger. Observing the MAC values, which
signify the consistency between the identified and theoretical
mode shapes, 13 out of the 20 modes are identified accurately
(MAC = 0.9). The errors of identified damping ratios and
mode shapes are somewhat larger because system response
generally has a lower sensitivity to these modal parameters
than to the modal frequencies. The higher modes are not also
identified accurately compared to the lower modes because
their contribution to the system response is less than that of the
lower modes. Moreover, the proposed method can identify the
modal parameters of a structural system subjected to realistic
excitation. This may be because under appropriate conditions,
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Fig. 4. Comparison between the identified mode shapes and the exact mode shapes of the 6-dof system subjected to a recorded sample of the Chi-

Chi Earthquake.

the practical ambient excitation, such as earthquakes, can be
approximately modeled as stationary white noise.

5. Conclusions

In this paper, MERA/DC is presented for modal-parameter
identification from stationary white-noise ambient vibration
data. By setting up a correlation function matrix 7. of sta-

tionary ambient responses and introducing an appropriate
factorization of the correlation-function matrix, modal pa-
rameters of the system can be identified by SVD and eigen-
value analysis. Using the MERA/DC proposed the computa-
tion of correlation-function matrix 7, can be used to avoid
the conversion of forced responses into free-vibration data and
the selection of reference channel for computing correlation.
Through numerical examples of using practical excitation data,
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Table 2. Results of modal-parameter identification of a 20-DOF system
subjected to a recorded sample of the Chi-Chi Earthquake.

Mod Natural Frequency (rad/s) Damping Ratio (%)
oce Exact| MERA/DC| Error(%) |Exact{ MERA/DC | Error(%) |[MAC
1 |3.66 3.68 0.56 5.49 5.65 291 [0.99
2 730 7.30 0.01 0.71 0.70 1.00 |0.99
3 |10.90{ 10.89 0.09 0.94 0.94 0.20 [0.96
4 (1444 1442 0.17 0.89 0.89 0.20 [0.98
5 [17.90f 17.85 0.28 1.06 1.06 030 [0.99
6 [21.26] 21.18 0.39 1.17 1.17 0.10 [0.99
7 |2449| 2437 0.48 1.33 1.33 0.40 |[1.00
8 [27.60| 2742 0.64 1.45 1.45 0.10 |1.00
9 130.54] 30.31 0.75 1.59 1.59 0.10 |1.00
10 [33.32| 33.02 091 1.71 1.71 0.10 | 1.00
11 (3591 3553 1.05 1.83 1.83 0.10 [0.93
12 (3830| 37.84 1.19 1.94 1.93 040 [091
13 [40.48| 39.94 1.34 2.03 2.03 0.00 [0.93
14 |4243] 4181 1.47 2.12 2.12 0.20 [0.86
15 |44.14| 4344 1.59 2.20 2.18 0.80 [0.74
16 [45.60| 44.84 1.67 226 2.23 140 [0.77
17 |46.81| 4534 3.14 2.26 2.24 1.10 |0.77
18 |47.76] 46.02 3.64 2.20 2.56 1620 (043
19 |48.44| 46.86 3.26 2.51 2.49 0.80 [0.40
20 (48.85| 47.70 2.35 241 1.00 5851 035

the present method has been shown to be valid and robust in
the identification of modal parameters from stationary ambient
vibration data under noisy condition.
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: State matrix with dynamic characteristics of the sys-
tem

: Output influence matrix for the state vector
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: Number of the channel of the measured response

: Correlation- function matrix

: Measured system responses at the time -step &

: Generalized Hankel matrix

: Zero-mean stationary white noise at time -step &
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